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This document includes Supplementary Information (SI) to accompany “All-Optical Dissipative Discrete Time
Crystals.” Translation symmetry properties of the equations of motion describing a Kerr cavity pumped by a sin-
gle continuous-wave (CW) laser are reviewed in reference to discrete time crystals (DTCs). It is shown that in a
monochromatically pumped resonator, dispersive wave (DW) emission or optical Cherenkov radiation emerging from
high-order dispersion (HOD) or avoided mode crossings (AMCs) do not define discrete time translation symmetry
(DTTS) in the equations governing microcomb dynamics, thus precluding DTC formation in these systems. We also
include more details on the experimental implementation of the DTCs described in the main text, as well as an
investigation into the role of dual pumping in the presence of disruptions appearing in the microresonator dispersion
profile near the pumps. The latter analysis shows the dominant effect of the pumps overshadowing the detrimental
impact of AMCs.

I. ABSENCE OF DTTS IN MONOCHROMATICALLY-PUMPED MICROCOMBS

We expound in this section why monochromatically pumped microcombs do not constitute DTCs. This applies also
to microcomb soliton trapping observed when certain group velocity dispersion (GVD) profiles (e.g., sign change in
the residual dispersion or AMC) create high-power harmonics away from the pump in the comb spectrum. In a driven
system, a DTC can arise only when DTTS exists and is broken by a periodic observable whose periodicity is an integer
multiple m > 1 of that of the drive. In monochromatically pumped DW-emitting solitons and Kerr microcomb soliton
crystals, the trapping potential originates from resonator properties (e.g., geometry and dispersion). By inspecting
the Lugiato-Lefever equation (LLE) and its germane variants, we show that such effects do not establish any DTTS
in the Kerr Hamiltonian, nor in the governing equations of motion. As a corollary, speaking of DTTS breaking in
such systems is unjustified.

It should be stressed that when referencing time translation symmetry breaking (TTSB) in monochromatically-
pumped microcombs, the observable to base symmetry breaking assessment on is scarcely identified in explicit terms.
One can readily show that irrespective of the specific chosen observable, such systems cannot support DTCs. For
instance, if photon count at a fixed position is being observed, continuous time translation symmetry exists at the
input, because the quasi-classical (or coherent) state of the continuous wave (CW) pump laser has Poissonian photon
statistics. But then, when a soliton is generated in the output, photon count probability will increase near the soliton
peak. As a result, continuous TTSB occurs, which clearly does not incorporate DTC formation. If, on the other
hand, the response observable is the electric field, then the pump is periodic but the response, strictly speaking, is
not (because of the carrier-envelope offset phase) [1-3]. Therefore, the output-over-input periodicity ratio is generally
not an integer. This shows that, despite apparent similarities, a soliton or soliton crystal driven by one CW pump
does not constitute a DTC.

The rapidly oscillating optical carrier frequency does not enter the LLE [4-7]. It is straightforward to verify that
this equation possesses continuous, but not discrete, time translation symmetry. In non-dimensional form and before
moving to a rotating reference frame, the equation reads
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where the pump F and spatiotemporal field envelope u are both normalized to the hyperparametric sideband gen-
eration threshold and ¢ is the slow time normalized to twice the cavity photon lifetime. The normalization follows
Ref. [5] and we underscore the use of extra minus signs in normalizing pump-resonance detuning «, free spectral range
(FSR) parameter di, and the GVD coefficient d2. As in the main text, 6 is the azimuthal angle around the circular



resonator and related to the fast time 7 through 6 = 277 /Tr, Tr denoting the roundtrip time. It is clear that linear
translations with arbitrary increments At and A7 (equivalently, Af) of the slow and fast time variables, ¢ — ¢ + At
and 7 — 74+ A7 (0§ — 0 + Af), leave Eq. (1) unchanged. Consequently, this equation possesses continuous time
translation symmetry and solutions which fulfill such symmetry are expected. However, owing to the nonlinear term
in Eq. (1), symmetry-preserving solutions can be unstable and instead symmetry-broken steady states may emerge.
Spontaneous breaking of the continuous time translation symmetry by soliton formation does not amount to DTC
generation because there is no DTTS defined by a time-periodic drive which can be violated. It is worth noting that
these symmetry properties are maintained in the LLE, which describes the process in a co-rotating reference frame
2, 5].

Without removing the carrier frequency fp, the excitation term F changes to F exp(i27 fpt), which defines a DTTS
t — t+ Tp, in which Tp = 1/fp is the pump period. However, as noted above, considering the carrier-envelope offset
frequency, the electric field of a spontaneously generated soliton is not periodic. In other words, the soliton envelop
is periodic with the cavity roundtrip time Tg, but the ratio Tr /Tp is not an integer, because in a monochromatically
pumped microcomb soliton train the pulse repetition rate and the pump frequency are fundamentally independent [].
Moreover, it can be shown that the repetition rate of the pulse train generated with a CW pump always experiences

phase diffusion due to quantum noise [9, 10]. Considering the symmetry properties of the equations of motion clarifies
why entrainment behavior recently predicted theoretically in certain microcombs [11] and observed experimentally in
mode-locked lasers [12] does not amount to DTC formation.

We note that the photon count probability perspective described above has proven to be a valuable one. Recent
experiments have explained the timing jitter of soliton microcombs from this viewpoint and shown that, remarkably,
the soliton can in essence be considered a particle with the characteristic position-momentum quantum uncertainty
between two conjugate variables [9]. Indeed signatures of the quantum nature of solitons have previously been studied
extensively in the context of fiber solitons; see, e.g., [13, 14]. From this perspective, the soliton can be considered a
massive particle in its ground mechanical quantum state. The large number of photons in this case and the collective
effect of photon interactions in the thermodynamic limit notably match the requirements of DTC behavior in Kerr
microcombs such that with two-pump excitation, this approach can create DTCs, as we have demonstrated in the
main text.

II. ABSENCE OF DTTS IN MICROCOMBS WITH DISPERSIVE WAVES RESULTING FROM
HIGHER-ORDER DISPERSION

Resonator residual or integrated dispersion, Dint = wy — (wo + D17), can predict DW frequencies in the microcomb
spectrum. In this expression, n = j — jo is the centered mode number, wy and w, signify the frequencies of the
pumped mode (jg) and a generic resonant mode corresponding to mode number j, D;/27 is the FSR at the pump
frequency, and Dy = wjy11+wj,—1 — 2w, denotes the GVD coefficient. The detuning of resonator modes from the grid
defined by microcomb harmonics is minimized in the vicinity of residual dispersion sign change (Dj,; = 0), creating
high-power frequency harmonics (DWs) in the spectrum as a result of the optical analogue of Cherenkov radiation
[15]. For narrow-band frequency combs and negligibly small third- or higher-order dispersion (HOD), DW emission
cannot occur because Diyy = Dan?/2 does not cross zero away from the pump. However, in the presence of HOD the
residual dispersion, Diy = Dan?/2 + D3n3/6 + ..., can vanish for  # 0 to give rise to DWs [16]. The LLE in this
case includes higher-order #-derivatives and takes the following form [17]
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Again, Eq. (2) is invariant under linear translations with arbitrary increments A¢ and A7 of the slow and fast time
variables, t — ¢t + At and 7 — 7 + A7. This equation is in the co-moving reference frame, and as noted before,
the difference is merely the removal of the d10u/960 term such that relevant symmetry properties remain unchanged.
Therefore, Eq. (2) possesses continuous time translation symmetry; there is no DTTS and hence DTC formation
cannot occur.

III. ABSENCE OF DTTS IN MICROCOMB SOLITON CRYSTALS STABILIZED BY AVOIDED MODE
CROSSINGS

The interaction between two mode families with different transverse profiles in a generic resonator is described by
two coupled LLEs [18, 19]. The dynamics of microcomb formation when one of the two interacting mode families 1



and 2 is directly pumped (i.e., in a monochromatically-pumped resonator) is captured by
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in which u(t, ) and v(¢, 6) are the spatiotemporal field envelopes, respectively, of mode 1 and 2, k1 5 is the resonance
half width at half maximum (HWHM), & = (k1 + k2)/2 is the average HWHM, o 5 is the detumng 2 is the
group velocity mismatch of the envelope field with respect to the average group velomty d; (av) _ (d(l) + d(l}) /2, dgl’Q)
is the FSR for the respective mode family, dé 2 is the GVD parameter, and F} o is the effectlve pump field projected
on each of the mode families. For a monochromatic pump tuned primarily to excite one mode family, one of the two
drive terms Fy or F is often negligible; see, e.g., [20]. Coupling between the equations originates from the overlap
integrals of the two modes DU j k € {1,2}. The notation follows [18]. Like before, t is the slow time and the
azimuthal angle 6 is linearly proportional to the fast time 7.

The set of coupled LLEs in Eq. (3) is invariant under linear translations with arbitrary increments At and At of
the slow and fast time variables, i.e., t — ¢+ At and 7 — 7 + A7. Therefore these equations possess continuous
time-translation symmetry. In other words, the AMC-induced potential trapping solitons around the resonator does
not define DTTS in the equations of motion and so the system cannot give rise to DTCs.

We conclude the discussion on the absence of DTTS in monochromatically-pumped microcombs by highlighting two
distinctions offered by second pump exciting subharmonics between the two pumps. Temperature change will shift the
modes of a cavity and hence the frequency of the DW or AMC signature in the microcomb power spectrum [21]. As a
result, a laser pumping another nearby mode at a fixed frequency or even one pumping the same temperature-shifted
mode will in general create a periodic potential with a different periodicity around the cavity. This periodicity is not
tied to the pump frequency, and as shown above, does not change the continuous temporal symmetry of the governing
equations, nor does it establish any DTTS. In the two-pump system, in contrast, the excitation frequency and the
DTTS it defines are always set by the drive, i.e., the beating of the two pumps, so that even with temperature-shifted
modes, the same driving frequency can readily be realized. This driving frequency dictates the DTTS of the system,
as evidenced by the two panels in Fig. 2 (main text). Additionally, in a singly-pumped microresonator setup with a
fixed laser frequency, a microcomb soliton whose span does not cover the spectral position of the more energetic DW
harmonic can simply be generated by reducing the pump power and consequently the comb span. In this case, the CW
background will not be modulated at all. So, in the same resonator and with the same pump frequency, no periodic
potential will form around the resonator, and no soliton trapping and crystallization will occur [22]. In contrast, in the
dichromatically-pumped system, DTTS is still present even if the pumps are weak and excite no subharmonics. This
is a fundamental distinction, and an essential one, in defining DTCs. It is noteworthy that subharmonic generation
in a dual-pump Kerr cavity is possible both in the normal and anomalous dispersion regimes [23-25].

IV. ABSENCE OF STRONG DISPERSIVE WAVE PINNING IN THE EXPERIMENTS

An AMC arises from coupling between different cavity spatial mode families and its signature in the frequency comb
spectrum consists of an energetic harmonic. In our experiments, instead of DW-like pinning at a fixed frequency, high-
power comb harmonics follow the external pump frequencies in subsequent 2-, 3- and 4-FSR pump separations; see
below. Consequently, unlike microcomb soliton crystals whose stability depends on AMCs, subharmonic generation
data presented in the main text are not affected by AMCs.

To elaborate, an AMC pins a high-power harmonic in the microcomb spectrum at the position of the mode crossing
[26]. While AMCs are practically inevitable in experiments, whether or not they impact the excitation and stability
of a microcomb generated in a certain region can partially be judged based on the existence of strong disruptions
in the comb teeth pinned in the spectrum and fixed as the pump frequency is shifted. This pinning signature is
negligibly weak in our experiments, both when the two pumps generate harmonics through four-wave mixing (FWM),
Supplementary Figure 1, and when they excite subharmonics and the beatnote of the pumps is changed in successive
FSRs in the same pumping region, Supplementary Figure 2. This is particularly manifest in the spectrum for 2-FSR
separation of the pumps, Supplementary Figure 2(e), which shows no notable sign of an AMC. Instead, high-power
harmonics always follow the external pumps and the FWM harmonics that appear at frequency intervals dictated by
their beatnote. Therefore, subharmonic generation in our experiments is not impacted by AMC and mode crossings
play no role in stabilizing the observed microcombs. This fact is supported also by our numerical modeling data which
demonstrates stable pulse train propagation over hundreds of cavity photon lifetimes (thousands of drive periods); see
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Figs. 3(a, d) in the main text. We have not incorporated any AMC or GVD parameter beyond Dy in our numerical
simulations.
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Supplementary Figure 1. Experimental data illustrating the two pumps (a) and four-wave mixing creating
harmonics spaced by their beatnote (b). Compared to Supplementary Figure 2, pump parameters are chosen such
that subharmonic generation does not occur. No evidence of AMC-induced frequency pinning is observed.
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Supplementary Figure 2. Experimental data demonstrating stable subharmonic generation for different
successively decreased pump beatnotes, (a, b) 4, (¢, d) 3, and (e, f) 2 FSRs, in the same pumping region. Each
bottom panel is a zoomed-in version of the panel above it. No significant AMC signature or harmonic pinning is
observed and high-power microcomb harmonics follow the external pumps. Experimental parameters are the same
as those described in the main text (see Methods).

V. SUPPRESSION OF MODE DISRUPTIONS BY THE TWO PUMPS AND THE DESTABILIZING
IMPACT OF MODE ANTI-CROSSINGS

We had noted in the main text that our experiments were performed in a regime where none of the pumps could
generate solitons independently (see Methods). This is verified in the comb energy vs. detuning curve of Supple-
mentary Figure 3(a). This figure illustrates that with a single pump, the soliton formation regime is limited to a
narrow sliver (the step-like region) and that in experiments we operated to the right of this region, indicated by the
red arrow and dotted vertical line, where the pump cannot generate any solitons. Supplementary Figure 3(b), further
discussed below, depicts the same plot as in Supplementary Figure 3(a) but with the addition of an AMC near the
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Supplementary Figure 3. Investigation of the impact of AMC on subharmonic generation for 4 FSRs between
the two pumps. Each curve shows the total intra-cavity comb energy vs. detuning at steady state (i.e., each data
point on each curve refers to one run till steady state, if existent, was reached). (a, b): Single-pump driving without
an AMC (a) and with an AMC parametrized with aapec = 1 (normalized) and b = —4 (b); see text for details. As
noted in the main text (see Methods), the operation region of our system was to the right of the vertical dotted line
in (a), where a single pump cannot sustain stable soliton formation. (c-f): Double-pump driving without (¢) and
with (d-f) the AMC at b = 4. In (d-f) the strength of the AMC is increased from aspmc =1 in (d), to 2 in (e), and
3 in (f). As the AMC grows stronger, it leads to the destabilization of the solitons, evident here as the replacement
of clean soliton steps by wider regions where the chaotic power of the unstable microcomb may land after hundreds
of cavity lifetimes. An example is highlighted by the boxed regions (dashed red) in (c) and (d), where the top-most
step has vanished in (d). In (e) and (f) one and two other high-energy steps have vanished as well.

pumps. System parameters in Supplementary Figures 3(a,b) match those of our experiments, with the pump power
corresponding to the stronger of the two pumps in the case of monochromatic driving. The weaker pump, as noted in
the text, is slightly sub-threshold and hence does not obviously support hyperparametric sideband generation or soli-
ton formation. It should be reiterated that, as shown in Sections I and III above, a monochromatically-pumped Kerr
cavity, with or without AMC, does not possess discrete time-translation symmetry and hence cannot accommodate
DTCs.

Supplementary Figure 3(c) shows how vastly different the behavior of the system becomes with the addition of
the second pump. In this example, the second pump is added 4 FSRs away from the first one (M = 4). Instead
of 8 very narrow steps in Supplementary Figure 3(a), M + 1 = 5 wide steps are clearly visible in the figures, as we
expected from the theory described in the text. The lowermost step corresponds to no solitons, and the upper ones
to 1, 2, 3, and 4 solitons per round-trip time, respectively. All steps are very well-defined with successive runs of the
numerical simulation with random initial conditions all resulting in the same steady states with the same comb power
and intra-cavity energy at each realization.

In all other panels in Supplementary Figure 3, i.e., panels (b, d, e, ), an AMC is added in the numerical simulations.
We have used the model used in Ref. [27] to implement the mode crossing. In this model, the parameter a indicates
a measure of the “strength” of the mode crossing and we have represented it with aapmc (normalized to the cavity
FWHM) in Supplementary Figure 3, while parameter b (non-dimensional) determines its mode number (essentially,
frequency). In panels (b, d-f) of Supplementary Figure 3, b = —4. (Note that all of our experimental data are reported
vs. wavelength, not frequency.) Without a second pump and with aame = 1, Supplementary Figure 3(b), some of the
steps in the narrow soliton formation region of Supplementary Figure 3(a) show clear signs of destabilization. This
observation matches findings previously reported in the literature, particularly that AMCs very close to the pump
destabilize microcombs and hinder soliton formation; see, e.g., [27].
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Supplementary Figure 4. Investigation of the impact of AMC on subharmonic generation, similar to
Supplementary Figure 3, but for 2 (a) and 3 (b) FSRs between the two pumps.

In Supplementary Figures 3(d, e, ), aamc is increasing from 1 to 3, respectively. With two-pump driving and the
small value of asnc = 1, even though the lower-energy steps do not change much, destabilization of the solitons starts
to occur noticeably. The destruction of stable soliton steps is especially clear from the top-most step (boxed with a
red dashed-line rectangle) and would translate into large phase noise for the subharmonic beatnote. Supplementary
Figures 3(e, f), where aamc = 2 and 3, demonstrate how by increasing the strength of the AMC, soliton steps are
almost completely washed away, leaving only the bottom step (no solitons) and a fuzzy trace of the destabilized third
step in panel (f). The trend is clear: further increase of the AMC strength would completely eradicate soliton steps. It
is worth noting that with smaller aamc (e.g., aamc = 0.5) the differences with the AMC-free case were unremarkable,
indicating that the AMC is completely subjugated by the cooperation of the two pumps, as if the mode disruptions
did not exist at all. It should be emphasized that the same destabilizing effect of AMCs is observed (and is even
more severe) for the same cavity modal profile and AMC frequency and with M = 2 and 3, as the overlaid plots
in Supplementary Figure 4 show. (Not included herein, we have observed the same disruptive influence of AMCs at
other values of b as well, e.g., for the AMC 5 FSRs away from the stronger pump, b = -5.)

The results discussed above show that AMCs, especially those so close to the pumps, would only hurt, and not
assist, subharmonic generation. In other words, the existence of AMCs would hinder the emergence of the stable and
low phase noise subharmonics that herald DTC formation. In our experiments, we have observed stable microcombs
with robust subharmonics in all of the discussed cases (M = 2,3, and 4), which would not have been possible if the
AMCs were dominant. This observation confirms that AMCs in our experiments were indeed weak and completely
overshadowed by the pumps.
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